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Introduction

Zipf's Law

“Zipf's law states that given some corpus of natural language utterances,
the frequency of any word is inversely proportional to its rank in the
frequency table. The law is named after the American linguist George
Kingsley Zipf (1902-1950), who popularized it and sought to explain it
(Zipf (1935, 1949)), though he did not claim to have originated it."

(Wikipedia, 2017)
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Introduction

Pareto Distributions and Zipf's Law

Pareto distribution, or power law

> Log-log plot of the data versus rank is approximately a straight line

Zipf's Law
» Log-log plot of the data versus rank is approximately a straight line
with slope —1

» Weaker form of Zipf's law requires that log-log plot of the data versus
rank is concave with a tangent line of slope —1 at some point
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Examples of Pareto distributions
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Examples of Pareto distributions
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Introduction

Zipfian and Non-Zipfian Pareto Distributions

The universality of Zipf's law
» Firm size, city size, word frequency, income and wealth of households

» Data generated by time-dependent rank-based systems follow Zipf's law

Non-Zipfian Pareto distributions
» Earthquake magnitude, cumulative book sales, intensity of wars

» Data generated by other means, usually of a cumulative nature, do not
seem to follow Zipf's law
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Preliminaries

Ranked Continuous Semimartingales

We use systems of positive continuous semimartingales {Xi,..., Xy} to
approximate systems of time-dependent empirical data. Fernholz (2002)

shows that if the X; satisfy certain regularity conditions, then

: 1 1
dlog X (t) = > Ly (i)=ky dlog X,-(t)—l—id/\fékﬂ(t)—zd/\f_l’k(t), as.
i=1

Rank function is random permutation r; € X, such that r:(i) < re(j)
if X;(t) > X;(t) or if Xj(t) = Xj(t) and i <
Rank processes X1y > - -+ > X are defined by X(,,(j)(t) = Xi(t)

Ai(,k+1 is the local time at the origin for log(X(x)/X(k+1)), with
/\él = /\ir(,n—l—l =0
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Preliminaries

Asymptotic Stability

A system of positive continuous semimartingales { X1, ..., Xy} is
asymptotically stable if

1. tILngo t~*(log X1)(t) —log X(,)(t)) =0, a.s. (coherence);

PN ¢ _ :

2. tll)ngo t Ak,k+1(t) = >\k7k+]_ > 0, a.S.,

3. lim t ™ (log X(k) — log X(ks1))t = 0k sy >0,  as.;
fork=1,...,n—1, where A\ 441 and 0,% k41 are constants.

The systems of continuous semimartingales we consider will be

asymptotically stable and will also satisfy
T 2

' 1 Ok k+1
Jim 2 | (logXu(6) —log Xy (£)) dt = 5027 ()

a.s, fork=1,...,n—1.
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Preliminaries

U.S. Capital Distribution, 1929 to 1999
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Preliminaries

Behavior of Ranked Systems

For k=1,...,n, let X = X@) + -+ Xk), and suppose that
X1, ..., X, satisfy

d log X((t Zn{,t() k}dlogX() N rera(t)— —dAk 1k(t), as.
i=1

Then,

z 1
dXp(t) = Z L (1y<k}dXi(t) + Ex(k)(t)d/\ifkﬂ(t), a.s. (%)
i=1

This describes the dynamic relationship between the combined value, or
size, X, of the k top ranks and the local time process A jiq- It also
allows us to extend the definition of local time to systems of data.
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Zipfian Atlas Models
Atlas Models
Atlas Models

An Atlas model is a system of positive continuous semimartingales
{X1,...,Xn} defined by

dlog Xi(t) = —g dt + ng]l{,t(,-):,,}dt + o dW(t),

where g and o are positive constants and (Wi, ..., W,) is a Brownian
motion.

Asymptotically stable model
Processes X; are exchangeable, so they spend equal time in each rank

Each X; has zero asymptotic log-drift, so the entire system has zero
asymptotic log-drift (Fernholz, 2002; Banner et al., 2005)
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Zipfian Atlas Models
Atlas Models

Asymptotic Distribution of Atlas Models

Atlas models satisfy

1 (7 % ki1
lim — log X(y(t) — log X, t))dt = —
Jim = /. (log Xk)(t) — log X(k11(t)) s (*)
a.s, for k =1,...,n—1, with the asymptotic parameters

A k+1 = 2kg and aikﬂ =202, as.
Hence, for large enough k,

i L T log X(iy(t) — log X(k+1(t) dt a?
T—=oo T Jo log(k) — log(k + 1) 2g

I

so Atlas models follow Pareto distributions, and Zipf's law is equivalent to
0?2 =g.
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Zipfian Atlas Models
Zipf's Law for Atlas Models

Atlas Families

An Atlas family is a class of Atlas models {Xi,...,X,}, for n € N, with
the common parameters g > 0 and o2 > 0 defined as in

dlog Xi(t) = —g dt + ng]l{,t(,-):,,}dt + o dW(t).

We wish to show that an Atlas family is Zipfian if and only if

- dX[,,](t) _
,LooE[ X (1) } =5 (A)
and X (1)

im "8~ (n) =
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Zipfian Atlas Models
Zipf's Law for Atlas Models

Conservation

By sampling or detrending, we can ensure that the “total mass’ of a
system of time-dependent rank-based data {Z;(t), Z>(t),...} is constant.

In this case, for large enough n, the mass of the top n ranks,
21 (t) = Zay(t) + - + Z(my (1),

should also be approximately constant.

Hence, we require that an Atlas family {Xi,..., X,} be conservative:
dXim(t
fim & | O] (A)
h—o0 X[n](t)
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Zipfian Atlas Models
Zipf's Law for Atlas Models

Completeness

For a system of data {Zi(t), Z2(t), ...}, we have the dynamic relationship

4 1
dZuq(t) = > Lir(y<kpdZi(t) + QZ(k)(t)d/\f,kH(f)a as., ()
i=1

where the last term compensates for entry/exit from Z[- In order that
the system not depend on mass that enters from outside, we require that

. Z((t) _
lim E[md/\{m(t)] =0.

k—o0

For an Atlas family {Xi,..., X}, d/\k k+1( ) is on average equal to 2kg,
and so we require that an Atlas family be complete:

et |-
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Zipfian Atlas Models
Zipf's Law for Atlas Models

Zipf's Law

For an Atlas model, 1t6's rule implies that, a.s.,

2

aXi(t) = (5 — & + ngLin)=nm ) Xi(£)dE + o Xi(£)AWi(1)

For the total mass X[,,] =Xy +---+ X, we have

2

g
Xy () = (7 - g) Xinj(£)dt + Xpoy (£)dM(t) + ngXny(£)dt,  as.,

where M is a martingale incorporating all the cW;, so

dX[,,](t) _ o2 ngX(n)(t)
X (0 (7 - g) dt + dM(t) + —X[,,](t)

where the last term plays the role of entry/exit in the system Z. Hence,

X[ (t) o ngX(m(t)
5880 -5
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Zipfian Atlas Models
Zipf's Law for Atlas Models
. '
Zipf's Law
For an Atlas model we have

E[%] N ((%2 _g)d”E[ni);](:)t)] !

and we can calculate

0(1) for 02/2 < g,
O(1/logn) for 02/2 = g,
O(n(l_"z/Qg)) for 02/2 > g.

-ngX(n)(t) o
E_ X[n](t) :| B

Hence,

- _dX[n](t) _ us im ngX(n)(t) _
(A) nl—>ooE_ X[n](t):| =0 (B) ”l_)ooE|: X[n](t) :| %

is equivalent to 02/2 = g, and this is equivalent to Zipf's Law.
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Zipfian Atlas Models
Zipf's Law for Atlas Models
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Examples of Pareto distributions
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Zipfian Atlas Models

Zipf's Law for Atlas Models

Examples of Pareto distributions
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Zipfian First-Order Models
First-Order Models

First-Order Models

A first-order model is a system of positive continuous semimartingales
{X1,...,Xn} defined by

dlog Xi(t) = g(i) dt + Gplyp,(iy=nydt + o,y dWi(t),

where a%, ...,02 are positive constants, g1, ..., g, are constants satisfying

g1+ --+gk <0, for k <n,

Gr=—(g1+ - +agn), and (W4,..., W,) is a Brownian motion (Banner
et al., 2005). First-order models are asymptotically stable with

Mok+1=—2(g1+ - +8k), as,

and
2 _ 2 2
Uk,k+l_0k+ak+l’ a.s.
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Zipfian First-Order Models
First-Order Models

First-Order Approximation

Suppose that {Zi(t), Z2(t), ...} is an asymptotically stable system of
time-dependent data of indefinite size with parameters A ,41 and 0i,k+1-

Then the first-order approximation for the top n ranks of this system is the

first-order model X, ..., X, with parameters

1 1

gk:_)\k—lk_i)\k,k—f—l, forkzl,...,n—l
1

&n = 2>\n 1,n
1

2 4 2

0'1 2
1

ai—4(ai 1k+°'kk+1) fork=2,...,n

In this manner, we can construct a first-order approximation for any

asymptotically stable system.
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Zipfian First-Order Models
First-Order Models

First-Order Approximation

The first-order approximation {Xi, ..., X,} satisfies

T

2, 2
Jim [ (108 X (6) — tog X (1)) de = ~TA T (o)
a.s., with parameters
Mokl = Mekt1, 05 = %U%,za op = %(Gi—l,k + f’i,k+1)-
If the data {Z1(t), Z»(t), ...} satisfy
2
g 3 [ (og Zig(6) o8 Zu (@)t =~ L ()

then the X distribution is a smoothed version of the Z distribution.
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Zipfian First-Order Models
First-Order Models

First-Order Approximation of U.S. Capital Distribution
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Zipfian First-Order Models
First-Order Models

First-Order Approximation of U.S. Capital Distribution
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Zipfian First-Order Models
Zipf's Law for First-Order Models

First-Order Families

A first-order family is a class of first-order models { X1,

..., Xn}, for
n € N, defined as in

dlog Xi(t) = gr,(i) dt + Gal{r,(iy=nydt + o,y dWi(t),

with the common parameters g and 0'12( such that, for k € N,

gL+--+8 <0,
o2 >0,
and G, = —(g1+---+gn). A first-order family is simple if it is of the form
dlog Xi(t) = —g dt + ngly, (j)=nydt + o) dWi(t),
where a% <. <ol
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Zipfian First-Order Models
Zipf's Law for First-Order Models

First-Order Approximation of U.S. Capital Distribution
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Zipfian First-Order Models
Zipf's Law for First-Order Models

Simple First-Order Families

For a simple first-order family, the slope of the log-log plot of X, versus
rank k,

2 2
im = T log X(x)(t) — log X(k11)(t) gr kT %

T—oo T Jo log(k) — log(k + 1) 4g

I

, as.,

is increasingly negative, so the distribution curve is concave.

We wish to show that a simple first-order family is quasi-Zipfian—the
distribution curve is concave with a tangent of slope —1 at some point—if
the family is conservative, complete, and satisfies

X(t) 1
. (1) <
nII—>rT<loE|:X[n](t):| -2
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Zipfian First-Order Models
Zipf's Law for First-Order Models

Zipf's Law
If our family is of the form

d log X,'(t) = ( — g+ ng]l{,t(,-):,,})dt + Or(i) dVV,(t),

with 02 < ... < 02, then

“[pte] = (L] 3 ¢ =%y

k=1
Hence, if
dX[ ](t)} . [ngX(,,)(t)]
A lim E =0 and (B lim E| ———~| =
() n—00 |: [n](t) () n—00 X[n](t)
then,

" [ X (t)] o7
lim IE[ k=
n—oo kz X[n](t)
The family is quasi-Zipfian, having a tangent of slope —1 at some point.
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Zipfian First-Order Models
Zipf's Law for First-Order Models

U.S. Capital Distribution, 1990-1999
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Zipf's Law for First-Order Models
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Zipfian First-Order Models
Zipf's Law for First-Order Models
The End
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